Is there a black hole minimum mass? 
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Applying the first and generalised second laws of thermodynamics for a realistic process of near 
critical black hole formation, we derive an entropy bound, which is identical to Bekenstein's one for 
radiation. Relying upon this bound, we derive an absolute minimum mass ~ 0.04y'gZmpi, where 
and mpi is the effective degrees of freedom for the initial temparature and the Planck mass, 
respectively. Since this minimum mass coincides with the lower bound on masses of which black 
holes can be regarded as classical against the Hawking evaporation, the thermodynamical argument 
will not prohibit the formation of the smallest classical black hole. For more general situations, 
we derive a minimum mass, which may depend on the initial value for entropy per particle. For 
primordial black holes, however, we show that this minimum mass can not be much greater than 
the Planck mass at any formation epoch of the Universe, as long as is within a reasonable range. 
We also derive a size-independent upper bound on the entropy density of a stiff fluid in terms of the 
energy density. 

PACS numbers: 04.70.Dy, 04.70.Bw, 04.20.Dw 



Choptuik yj] numerically studied a self-gravitating sys- 
tem of a massless scalar field and revealed that there 
appear critical phenomena at the threshold of black hole 
formation. If a generic one-parameter (A) family of initial 
data sets are prepared, the black hole mass M resulting 
from the time evolution obeys a scaling law M cx | A— A* Y' 
for A « A*, where A* is the critical value and 7(> 0) 
is the critical exponent. The consequence is that there 
are black holes of arbitrarily small masses in the limit 
A — > A*. This work has been generalised to a system of 
a radiation fluid 0. In the cosmological context, criti- 
cal phenomena at the threshold of primordial black hole 
formation have been found |^ but subsequently Hawke 
and Stewart Q reported that there is a minimum mass 
'--^ 2 X 10~* times the mass Mh contained within the Hub- 
ble horizon due to shock wave formation based on nu- 
merical simulations with high-resolution shock capturing 
scheme and suggested the link with kink instability [5|- 
Here we discuss another possibility of minimum masses 
based on black hole thermodynamics. Complementarily, 
the maximum masses of primordial black holes for dif- 
ferent formation scenarios have been studied Q ■ We 
adopt the units in which c ~ Ti ^ k = 1 and denote 
G = rup^ . 

The final state of complete gravitational collapse is an 
outgoing flux and a Kerr black hole, for which the area 
A of the event horizon is given by A = 47rmpf{[M + 
(M2 - (J/M)2)i/2]2 _^ (J/M)^}, where J is the angular 
momentum of the hole. Then, neglecting the rotation, 
the Bekenstein-Hawking entropy Sbh is given by 
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The effects of rotation may affect the discussion by a 
factor of two or so. 

Chisholm implicitly assumes that the region which 
is going to be a black hole is isolated from its environ- 
ment, applies the generalised second law of thermody- 
namics for the collapse of a radiation fluid, and gets 
a lower bound on (primordial) black hole masses as 
M > rripi/Ti gl^'^rrip^e^^^'^ and a lower bound on the 
mass fraction / of the primordial black hole M to the 
horizon mass Mh as / ^ v^Tl/mpi — {g^ei)^^'^ /mpi, 
where f/, , T and e are the effective degrees of freedom 
of relativistic particles, the temperature and the energy 
density, respectively, and the suffix "i" indicates it is for 
the initial value of the collapse. 

Here we adopt more realistic assumption that the re- 
gion to be a black hole is surrounded by the outer region 
with nonnegligible pressure p rather than isolated. This 
assumption will be appropriate not only for primordial 
black holes but also for near critical black hole formation 
in an asymptotically flat spacetime. This external pres- 
sure can exert a considerable amount of positive work on 
this region. Let R, E and S be the radius, energy and 
entropy of this region. Let us assume that self-gravity 
of this region is sufficiently weak at the initial moment 
for near critical collapse. The first law then becomes 
d{eR^) = —pd{R^) for the adiabatic process, where p is 
the pressure. For a radiation fluid p = e/3, it follows 
that e is proportional to R^^ and E is proportional to 
R~^. This energy increase is due to the work term ex- 
erted by the external pressure. When the radius of the 
region is approximately equal to the gravitational radius, 
i.e., M ~ lRi/Rg)Ei, where Rg ~ 2M/mlp a black hole 
forms. This yields 
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Applying the generalised second law Sbu > Si, we get 

27ri;ii?i > Si. (3) 

This is identical to the entropy bound that Bekenstein 
invented from a different derivation. It should be empha- 
sised that we can only have a trivial lower bound 



M > mpH 



(4) 



on black hole masses at this stage unlike Chisholm |3|'s 
argument based on the assumption of isolation. 

Below we see that the right-hand side of Eq. Q is also 
bounded from below through the entropy bound. Equa- 
tion (O implies that the radius of the region destined to 
be a black hole must be larger than S/{2'kE). Assum- 
ing that the region to be a black hole is approximately 
homogeneous, the radius of this region is bounded from 
below as 



SvrTi 
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where we have used s = 4e/(3r). Equation might be 
seen along the line of Heisenberg's uncertainty relation, 
since T gives the characteristic momentum of photons. 
The entropy contained in this region is then bounded 
from below as 



S- > -s- 
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where we have used e = (7r^/30)f;*T''. Then, the gener- 
alised second law yields a minimum mass 



and therefore a lower bound 

167r / T 
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It should be noted that the above lower bound is very dif- 
ferent from Chisholm j^'s estimates. If g^, is order 1000, 
this minimum mass is order the Planck mass. This argu- 
ment implies that the Planck mass naturally arises as a 
black hole minimum mass even without explicit form of 
quantum gravity. This also implies that the generalised 
second law naturally requires quantum gravity and the 
former should be justified by the latter. If gr* is much 
larger than order 1000, such as in Hagedorn-type sce- 
narios |l0l | , the minimum mass may become much larger 
than the Planck mass. 

In the process of gravitational collapse to a black hole, 
there is a possibility that a heat flux may be induced by 
radiation transfer and/or shocks. In such a case, the sys- 
tem is no longer adiabatic and cannot be described by 



a perfect fluid alone. If the heat flux carries a consid- 
erable amount of heat away from the region within the 
time scale of collapse, the entropy in the collapsing region 
could decrease and the resultant black hole mass could 
be much smaller than the estimated value here. It will 
be interesting to investigate this possibility further based 
on specific processes of heat flux generation. 

A black hole emits black body radiation due to quan- 
tum particle creation and its temperature is given by 
Th = TO|i/(87rM) [ni E2- The energy loss rate due 
to the Hawking radiation for a black hole of mass M is 
estimated as 



dM 
~dt 
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where F is a positive constant of order unity. From this, 
the evaporation time tov is calculated as 



51207r / M \ _i 
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Since the classical dynamical time of the black hole is 
estimated by the light crossing time of the horizon radius 
and calculated as idyn — 2(Af/mpi)r7ip[^, the black hole 



can be regarded as classical if and only if 



> 
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The right-hand side gives another lower bound for clas- 
sical black holes and this approximately agrees with the 
minimum mass given by Eq. (Q from the thermodynam- 
ical second law argument up to the factor of ^/g^■ In 
other words, the thermodynamical minimum mass ar- 
gument will not prohibit the formation of the smallest 
classical black holes. 

The thermodynamical minimum mass argument can 
be easily extended to a general perfect fluid with the 
equation of state p = ae, where a is a constant. We as- 
sume < a < 1 to respect causality and thermodynami- 
cal stability The first law then yields M ~ {Ri/Rgf'^Ei 
and we have 



M 
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3q/(1+3q) 
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Applying the generalised second law S'bh > -^i, we get 



/ n X 6Q/(l+3a) 
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This is an entropy bound for the general case. For 
< a < 1, this bound can be regarded as providing 
the minimum radius of the region to be a black hole: 



1+3q\ l/[3(l-a)] 



(14) 
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where and hereafter we omit numerical factors. The en- 
tropy of the collapsing region is bounded from below as 



S- ~ —s R^ > ^2(l-3a)/(l-a) / _^}_\ 
<3i - g Si-tti ^ TOpi I l/(l+a) I 



2(l+Q)/(l-a) 



Then, the generalised second law yields 

/ \ (l+a)/(l-a) 

Since e oc where V is the volume, 

n^.g,[e/(.g,m4;)]V(i+")^3^, 



(15) 
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has the dimension of energy cubed, is proportional to 
the degrees of freedom 5* and N = nV is constant and 
nondimensional. Therefore, we can identify n with the 
conserved number density of particles. Using this fact, 
we can rewrite Eqs. (|15|l and 1)161) . respectively, as 



> 2q/(1-q) 



M\. a/(l — a) 
^9* 



2(l+Q)/(l-a) 



(18) 



(1+q)/(1-q) 



• mpi, (19) 



where TV is the conserved number of particles, such 
as photons. This means that, in general, the mini- 
mum mass can depend on the entropy per particle. If 
e = e(r), dE = TdS — pdV and the energy equation 
{dE/dV)T = T{dp/dT)v - p yield e = /3t(i+")/" and 
s = (1 + a)PT^^°', where /3 is a constant. We can write 
(3 = /?C'-^"~^-'/", where /? is a nondimensional constant 
and C is a constant which has the dimension of energy. 
Equations H15|l and (|16|l then become respectively 

> /5W(i-)(l + a)2(i+")/(i-)(!^)'^'"'"^^^'l^Q) 

M > /5"/a-)(n-a)(i+")/a-)(!^)^'''"'/''^"V) 

Therefore, if C <C mp\ for < a < 1/3 or C ^ mpi for 
1/3 < a < 1, the black hole minimvim mass gets much 
larger than the Planck mass. 

It should be noted that we need a special treatment 
for a stiff fluid a — 1. A massless scalar field can be 
also regarded as a stiff fluid if and only if its gradient 
is timelike. In this case, Eq. (|13() does not yield a lower 
bound on Ri. Instead, we have a size-independent bound 
on the entropy density in terms of the energy density as 



s ^ mpi^/e. 



(22) 



For this case, we have no black hole minimum mass be- 
cause there is no lower bound on the entropy contained 
within the region to be a black hole. 



For an interesting application, let us consider primor- 
dial black hole formation. Because of the second law, the 
ratio S/N is a nondecreasing function of time. We can as- 
sume that matter fields move together due to strong cou- 
pling. In this case, e and a in the above discussion can be 
regarded as those for the dominant component in energy. 
Since we can neglect the effects of co-existing epochs, 
this ratio before the radiation-dominated era is equal to 
or smaller than the value at the radiation-dominated era, 
which is order unity. This means that the minimum mass 
before the radiation-dominated era is not much greater 
than mpi as long as (7* is within a reasonable range. 

After the matter-radiation equality, nonrelativistic 
matter fields, such as cold dark matter and baryonic com- 
ponent, begins to dominate the Universe in energy but 
most of the entropy is still held in background thermal 
radiation. Gravitational collapse in this regime proceeds 
as the collapse of dark matter and the concentration of 
radiation due to the gravitational field will be negligible. 
This means that we can treat this process of black hole 
formation as that with a = and the ratio s/e becomes 
effectively smaller than order unity because of the escape 
of entropy from the collapsing region. This means that 
the minimum mass of black holes becomes smaller than 
the Planck mass, although the application of this argu- 
ment to black holes much smaller than the Planck mass 
is limited. 

These considerations lead to the conclusion that since 
the total entropy contained within the Universe does 
not decrease in time, which follows from the second 
law of thermodynamics, the thermodynamic minimum 
mass of primordial black holes is not much greater than 
TOpi at any formation epoch of the Universe, unless 
.g, is extremely large. It is expected that the modi- 
fication of observational constraints due to critical be- 
haviour 0, 0, 01 will not be so sensitive to the exis- 
tence of minimum mass discussed here. 

After this paper was received, Ref. 1^ h as been sig- 
nificantly revised ar id p ublished as Ref. [13. The lower 
bound obtained in [13 is very similar to Eq. ^ in the 
current paper. However, they are very different in deriva- 
tion and therefore assumptions. In Ref. 0|, the lower 
bound directly comes from the entropy of radiation im- 
mediately before the black hole formation. Hence, is 
regarded as g*{Tf) for the temperature Tf at the time of 
formation. The discussion there crucially relies upon the 
assumption that the matter field is a radiation fluid at the 
formation. Moreover, since self-gravity is of course very 
strong and the system is highly dynamical immediately 
before the horizon formation, the assumption that en- 
tropy only comes from radiation yet needs to be checked. 
In fact, Penrose 0| introduced the concept that en- 
tropy can reside in a strong gravitational field and this 
is called gravitational entropy. See also 0] and refer- 
ences therein. The contribution from gravitational en- 
tropy could in principle significantly change the total en- 
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tropy immediately before the black hole formation. In 
the current paper, in contrast, since the derivation is 
given in terms of the initial configuration well before the 
black hole formation, g^: can be regarded as g*(T'i) for the 
initial temperature Tj and the assumption of weak self- 
gravity is justifiable in a self-consistent manner. Even if 
we take uncertainty in matter field models at very high 
energy scale and/or strong self-gravity at horizon forma- 
tion into account, the thermodynamical argument devel- 
oped in this paper will be modified only in terms of small 
correction terms. 
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